Abstract. An associative ring R with identity is left pseudo-morphic if for every a∈R, there exists b∈R such that Ra = l R (b). If, in addition, l R (a) = Rb, then R is called left morphic. R is morphic if it is both left and right morphic. We characterize left pseudo-morphic rings; identify the cases a (left) pseudo morphic ring is (left) quasi-morphic, morphic, Quasi-Frobenius, von Neumann regular, etc.; correct two results in a book and a paper; and completely determine when the trivial extension of a commutative domain is morphic which positively answered a question in a paper.
Introduction
For an associative ring R with identity, Ehrlich [10, Theorem 1(I)] proved that R is unit regular iff R is von Neumann regular and for any a ∈ R, and l R (a) = Rb. Left morphic rings include unit regular rings, one-sided principal ideal artinian rings, and some extensions of these rings [9, 10, 15, 16, 17, 20, 21] . In a von Neumann regular ring, for any a ∈ R, there exist b, c ∈ R such that Ra = l R (b) and l R (a) = Rc. Camillo and Nicholson [2] called a ring R left quasi-morphic if for every element a ∈ R there exist b, c ∈ R such that Ra = l R (b) and l R (a) = Rc. Zhu and Ding [29] named a ring R left generalized morphic if l R (a) is principal for every a ∈ R. The right analogs are defined similarly. R is morphic, quasi-morphic, or generalized morphic In section 4, we focus on commutative pseudo-morphic rings (they are morphic at the same time). Specifically, we focus on the trivial extension R ⋉ M (see definition in section 4). Many papers are on morphic properties of trivial extensions of a ring R where R is unit regular, strongly regular, one-sided perfect, or a domain. Among them there are three for the case that R is a domain. Chen and Zhou [6, Theorem 14, Corollary 15] proved that Z ⋉ Q Z is strongly morphic and Z ⋉ M is morphic iff M ∼ = Q Z (R is strongly left morphic if all matrix rings over it are left morphic [22] and it is strongly morphic if all matrix rings over it are morphic [6] ). Lee and Zhou [15, Theorem 14] As usual, J(R) and U (R) denote Jacobson radical and the unit group of R respectively, and l R (a) and r R (a) (or l(a) and r(a) if no confusion) are left and right annihilator ideals of a in R.
Left pseudo-morphic rings
Lemma 1. Let R be a ring and a ∈ R. Then the following are equivalent.
(1) There exists b ∈ R such that
(2) There exists c ∈ R such that Ra = l(c), Rc = l(b).
(3) There exists c ∈ R such that Ra = l(c), Rc ∼ = l(b).
is the isomorphism with θ(1 + Ra) = c. Then the following diagram commutes where α and β are canonical epimorphisms and
; ; w w w w w w w w w w Then we get the Ra = l(c) and Rc = l(b). (1) ua and au are left pseudo-morphic for any u ∈ U (R).
(2) If r(a) = 0, then Ra = R. In particulr, a is von Neumann regular and thus quasi-morphic.
Proof. (1) . By above lemma, we can suppose Ra = l(b) and Rb = l(c).
(2). Let Ra = l(b). Then 0 = b ∈ r(a) = 0. So Ra = R. Thus, a is von Neumann regular with a = ara = ea = af for some r ∈ R, e = ar, and f = ra. Thus, Ra = l(1−f ), l(a) = R(1 − e), aR = r(1 − e), and r(a) = (1 − f )R.
Theorem 5. Let R be a ring. Then the following hold.
(1) R is left generalized morphic iff any finite intersection
(2) R is left pseudo-morphic iff any finite sum
since xb 1 c = 0 implies xb 1 = r 2 a 2 b 1 for some r 2 ∈ R and hence x = r 2 a 2 + r 1 a 1 for some
Theorem 6. If R is a left pseudo-morphic ring, then the following hold.
(1) R satisfies left annihilator conditions for finitely generated left ideals, i.e., for any finitely generated left ideal I, lr(I) = I.
(2) R is right principally injective, i.e., every homomorphism from a principal right ideal to R R lifting to an element of R. In particular, (a) R is a right C2 ring, i.e., each right ideal isomorphic to a direct summand of R R is a direct summand.
(c) R is right mininjective, i.e. each homomorphism from a simple right ideal to R R lifting to an element of R. So if kR is simple, then Rk is simple and thus S r ⊆ S l where S l is the left socle and S r is the right socle of R.
(d) R has ACC on right annihilators iff R is right noetherian iff R is right artianian.
(3) R is directly finite iff r(a) = 0 implies a ∈ U (R) for all a ∈ R iff r(a) = 0 implies l(a) = 0 for all a ∈ R.
(4) If R R has finite Goldie dimension Gdim(R) = m, then R is semilocal and has stable range one.
(5) If R has ACC on right annihilators r(a) with a ∈ R, then R is right perfect. 
Proof. (1). By Theorem 5, we can suppose that
Ra n = Ra n+1 . By [1, Theorem 28.4(e)], R is right perfect.
Corollary 7.
If R is a left quasi-morphic ring, then the following hold. 
The left is clear. (3) . For any finitely generated left ideal I, I = Ra since it is left Bézout. Let
with the jth coordinate 1 , K j = Rα j and θ(α j ) = r j a.
Hence Kerθ is finitely generated, i.e., R is left coherent.
(4). For any left ideal I in R, the set of principal left ideals in I contains a maximal one Ra. Since R is left Bézout, I = Ra. Hence, R is left noetherian.
The following example shows a left pseudo morphic ring need not be right pseudomorphic.
Example 8. (Nicholson and Yousif called this example of ring Björk example, see [24])
Let F be a field with a homomorphism σ : F → F such that σ(F ) = F and let R = 
is not a left annihilator of one element. So R is left generalized morphic but not left pseudo-morphic. In fact, R is not left morphic (hence, not left quasi-morphic) can also be determined by [20, Proposition 18 ] .
Every domain which is not a division ring is generalized morphic but not pseudomorphic (hence, not quasi-morphic). It is well known that every unit regular ring is morphic and every von Neumann regular ring which is not unit regular is quasimorphic but not morphic. So we have the relations: {Left generalized-morphic Rings} ⊃ {Left Quasi-morphic Rings} ⊃ {Left Morphic Rings}, {Left pseudo morphic rings} ⊇ {Left Quasi-morphic Rings} ⊃ {Left Morphic Rings}. A ring R is a left elemental annihilator ring ( l.e.a.r. for short) if every left ideal of R is a left annihilator of a single element of R (see [26] ). A ring R is left IkedaNakayama if r(I 1 ∩ I 2 ) = r(I 1 ) + r(I 2 ) for any left ideals I 1 and I 2 in R (see [4] ). Note, generally, r(I 1 ∩ I 2 ) ⊇ r(I 1 ) + r(I 2 ) for any subset I 1 , I 2 ∈ R. The following results shows the relations of (left) pseudo-morphic rings with (left) quasi-morphic rings and other important rings.
Theorem 11. Let R be a ring.
(1) The following are equivalent. (g) R is a left artinian ring.
(h) R is a right artinian ring.
In above cases, R is a dual ring, i.e., lr(I) = I and rl(T ) = T for all left ideal I and right ideal T ; the matrix ring M n (R) is a strongly clean ring and an Ikeda-Nakayama ring for any integer n > 0; and R is semisimple artinian if, in addition, R is semiprime (or nonsingular).
(2). "(a) ⇒ (b)". If R is pseudo-morphic, we show that for any a ∈ R, l(a) and r(a) are principal. Since R is pseudo-morphic, we can assume that aR = r(b) and Rb = l(c). But R is self injective and artinian, so every projective module is injective.
"(e) ⇒ (a)". By [1, Proposition 18.13].
The equivalence of (f ), (g), and (h) to others can be proved similarly. Now, in above cases, R is self-injective and thus M n (R) is Ikeda-Nakayama by [ Theorem 13. Let R be a reduced ring (i.e., R contains no nonzero nilpotent element)and n any positive integer. Then the following are equivalent.
(1) R is left pseudo-morphic (2) R is left quasi-morphic.
(3) R is left morphic.
<x n > is left pseudo-morphic.
<x n > is left morphic. (7) R is regular.
(8) R is unit regular.
(9) R is strongly regular.
change "left" into "right" or delete "left" in the above items, the results are still equivalent to (1).
Proof. (1) ⇒ (9). For any a ∈ R, let Ra
R is strongly regular. (4) ⇒ (1). Here, we prove a more generalized case that for any ring R, if
<x n > is left pseudo-morphic, then R is left pseudo-morphic:
<x n > . For any a ∈ R, ax n−1 ∈ T and T ax n−1 = Rax n−1 . So there exists b = r 0 + r 1 x + . . . + r n−1 x n−1 with r i ∈ R, i = 0, . . . , (n − 1), such that T ax n−1 = Rax n−1 = l T (b). So Ra ⊆ l R (r 0 ). For any r ∈ l R (r 0 ), rx n−1 ∈ l T (b), i.e., r ∈ Ra. So Ra = l R (r 0 ), i.e., R is left pseudo-morphic. A ring R is reversible if any ab = 0 implies ba = 0 and R is symmetric if any abc = 0 implies acb = bac = 0. For a ring, the property of being reduced or symmetric always implies that of reversible. In above theorem, the condition "reduced" can not be replaced by "reversible" or "symmetry" since R =
Z2[x]
<x 2 > is symmetric, left pseudo-morphic by above results but R is not even von Neumann regular.
corrections on rings Pseudo-morphic implying von Neumann regular
In this section, we correct two minor mistakes in a book and a paper. As Theorem (1) A is von Neumann regular.
(2) A is a semiprime ring whose finitely generated one-sided ideals are annihilators of an element of A (this is equivalent to that R is semiprime pseudo-morphic).
(3) A is a semiprime ring such that every finitely generated left ideal is the left annihilator of an element of A and every principal right ideal of A is the right annihilator of an element of A (this is still equivalent to that R is semiprime pseudo-morphic).
In the proof of Claim 14, the author used the following result. <x n > ] with R von Neumann regular. As [16, Theorem 9] showed S is semiprimitive (thus semiprime)and quasi-morphic (hence right Bézout [3] ). By Claim 15, S is semi-hereditary. Thus every finitely generated left ideal of S is projective and so generated by an idempotent. Hence, S is von Neumann regular.
However, as [16, Theorem 9] showed that S is not von Neumann regular (in fact, the homomorphic image of (x, x, . . .) in
<x n > is x which is not von Neumann regular).
According to [25, When R is semisimple artinian, it is clear that R is seimprime pseudo-morphic.
We require A to be right Goldie because the author's proof used Theorem 17. In fact, we can change [28, Theorem 1] to the following. Proof. We only prove that a left p.p. right pseudo-morphic ring is von Neumann regular.
R is left principally injective by Corollary 6 and Ra is projective for any a ∈ R. Then Ra is a direct summand of R by [24, Corollary 5.11] . So a is von Neumann regular.
Morphic trivial extension of a commutative domain
As Theorem 11 (2) shown, a commutative pseudo-morphic ring is morphic. In this section, we focus on commutative pseudo morphic rings. First, we give necessary conditions for some left generalized morphic extensions and left pseudo-morphic extensions; second, we completely determine when the trivial extension of a commutative domain is morphic, this affirmatively answered a question in [8] . (1) If C is left generalized morphic, then both R and S are left generalized morphic. . The by the similar argument of above, we can prove the results.
Corollary 21. Suppose e 2 = e ∈ R such that (1 − e)Re = 0. Then the following hold.
(1) If R is left generalized morphic, then so are eRe and (1 − e)R(1 − e).
(2) If R is left pseudo-morphic, so is (1 − e)R(1 − e). If R is right pseudo-morphic, so is eRe.
Proof. By the Pierece decomposition
. Proposition 22. Let T = R ⋉ M be the trivial extension of R by the bimodule R M R . If
T is left generalized morphic, then R is left generalized morphic.
Proof. Suppose T is left generalized morphic. For any a ∈ R, let α = (a, 0) ∈ T . Then
So when we do morphic trivial extensions, we require the base ring be generalized morphic. So we focus on trivial extension over a commutative domain R. (
Hence a = rb for some r ∈ U (R). (1) The set of finitely generated submodules of Proof. (1) . By Lemma 23(3), the set of finitely generated submodules is S (
(2). Given any a, b ∈ R. Suppose Ra + Rb = Rd. Define R is an inclusion-reversing bijection from the set S (M ) = {mR : m ∈ M } to the set {Ra : 0 = a ∈ R}.
Theorem 27. Let R be a commutative domain with classical quotient field Q and let M be an R-module. Then the following hold. (m,a) (
. By Proposition 24, Q R has no isomorphic finitely generated submodules except identical ones. So M has no isomorphic finitely generated submodules except identical ones. Hence Rn = Rb ′ m. So we have a commutative diagram where i is the inclusion and
By the above commutative diagram, we can suppose that in the following diagram every triangle diagram and parallelogram diagram commute except the bottom one. 
Rm
βm`e e e e e e e e e e e e e e e e e e e e e e By above theorem, we generalize [15, Theorem 14] as following.
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Corollary 28. Let R be a UFD or a commutative noetherian domain with classical quotient field Q = R and M be an R-bimodule. Then R ⋉ M is morphic iff R is a PID and M ∼ = Q R .
Proof. " ⇒ ". By Theorem 27, M ∼ = Q R and R is Bézout. It is well-known that when R is a Bézout domain, then R is a PID iff R is a UFD iff R is noetherian.
" ⇐ ". By Theorem 27 or Lemma 25.
Remark 29. We point out there are many Bézout domains which are not PID (see [7] ).
An associative ring R with unit is an elementary divisor ring if every matrix over R has a diagonal reduction, i.e., for every matrix A over R, there exist invertible matrices P and Q over R such that P AQ = diag(d 1 , d 2 , · · · , d r , 0, · · · , 0) is a diagonal matrix and Rd i+1 R ⊆ d i R ∩ Rd i for i = 1, · · · , r − 1 (see [12] ). In [8, Theorem 4.15] , the authors proved that if R is a commutative elementary divisor domain and M is a bimodule (in fact, M ∼ = Q R by Theorem 27) such that R ⋉ M is morphic, then R ⋉ M is strongly morphic. In fact, it can be generalized to a non-commutative domain.
Proposition 30. If R is an elementary divisor domain (need not be commutative) and M is a bimodule such that R ⋉ M is morphic, then R ⋉ M is strongly morphic.
Proof. The proof is similar to that in [8] except we need to change the bimodule R M R into R−R opp M where R opp is the opposite ring of R.
